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Abstract
Particles are present in many industrial processes and in nature. Dry granular flows
and suspensions have been well studied and present a broad range of problems in
terms of rheology and instabilities. In both cases, new phenomena are continually
discovered. Indeed, complex behavior can be exhibited whether the granular media
acts like a solid, a liquid or a gas. Moreover, the flow of thin liquid films on solid
surfaces is a significant phenomenon in nature and in industrial processes (e.g. man-
ufacture of computer chips, solar power cells, capacitors, etc.), where uniformity and
completeness of wetting are paramount in importance. Two instabilities in particle-
laden flows down an inclined plate are experimentally investigated and compared to
theoretical predictions and scaling analysis.
One of the fundamental coating flow geometries is the simple wetting of an inclined
plane by a thin and uniform liquid film draining under gravity. It is well-known that,
in a clear fluid, this leads to a fingering instability of the contact line. We perform
experiments in this geometry using a mixture of silicone oil (1000 cSt) and heavy
glass particles (d = 2.6) with a broad range of beads diameters, concentrations and
angles. Small beads (106-212 pm) do not present any new behavior since they are just
convected by the flow and do not sediment fast enough to perturb it. A suspension
with larger particles (250-425 pm) exhibits different regimes depending on the angle
and the concentration. For very high slopes and very dense suspensions a large
ridge is formed at the contact line and does not break in regular fingers as observed
previously. Quantitative measurements are performed using a laser sheet coupled to
a high-performance digital camera and compared to scaling analysis.
A flow of suspension with no contact line may also be gravitationally instable.
Shear-induced migration of particles can provoke an inversion of density which is the
driving force of a Rayleigh-Taylor instability. Qualitative experimental results are
compared to recent theories.
Thesis Supervisor: Anette Hosoi
Title: Assistant Professor of Mechanical Engineering
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Chapter 1
Introduction
1.1 Gravity currents
In the following literature review we will focus on flows down an inclined plate. This
type of flow is a subset of flows that are generally known as gravity currents. A com-
plete overview of these flows can be found in [53]. Gravity currents, sometimes called
density currents or buoyancy-driven currents, occur in both natural and man-made
situations. These currents are primarily horizontal flows and may be generated by a
density difference of only a few per cent.
In the atmosphere, most of the severe squalls associated with thunderstorms are
caused by the arrival of a gravity current of cold and dense air. Another, less intense,
manifestation of atmospheric gravity currents appears in the sea-breeze fronts that
form near the coast and propagate up to 200 km inland. Avalanches of airborne snow
are gravity currents in which the density difference is driven by the suspension of
snow particles. In the ocean, large volumes of warm or fresh water flow as gravity
currents along the surface. For this kind of phenomena the Reynolds number is large
and the behavior is largely independent of viscous effects. However, there are many
large-scale examples, such as lava flows and currents of debris or mud, in which vis-
cous forces play a large part in the dynamics of the flow. Useful insight into this type
of flow can also be obtained from laboratory experiments, as seen in Figure 1-1.
17
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Figure 1-1: Different types of gravity currents: avalanche, lava flow and ex-
perimental turbidity current (from Department of Physics, University of Toronto,
http://www.physics.utoronto.ca/~nonlin/).
1.2 Granular Materials
Granular materials have become an intensive field of research in the last 20 years
since the works by Savage [48] in the early 80's. The flow of granular materials on
incline planes is of interest within the contexts of both industrial processing of pow-
ders and geophysical instabilities such as landslides and avalanches [49, 10]. Despite
the apparent simplicity and the numerous experimental, numerical and theoretical
works devoted to granular flows, their description and prediction are still a challenge.
Many chute flow studies have been carried out and different configurations have been
investigated, changing the bed conditions from smooth to rough and using different
kinds of materials.
18
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In his doctoral thesis Daerr [9] focuses on the dynamics of avalanches of dry mate-
rial down an incline. The nature of the transition between static and flowing regimes
in granular media provides a key to understanding their dynamics. When a pile
of sand starts flowing, avalanches occur on its inclined free surface. While previous
studies have considered avalanches in rotating drums or in piles continuously fed with
material, here the author investigates single avalanches created by perturbing a static
layer of glass beads on a rough inclined plane. Two distinct types of avalanche are
observed with two distinct underlying physical mechanisms: perturbing a thin layer
results in an avalanche propagating downhill, causing triangular tracks; perturbing a
thick layer results in an avalanche front that also propagates upwards, as shown in
Figure 1-2.
Figure 1-2:
propagating
Pictures are
Two types of avalanches. left: triangular avalanche; right: uphill-
avalanche. The pointing object is a pin used to trigger the avalanches.
reproduced from [58]
Granular media can also behave and flow like a liquid. Among the large number
of instabilities in granular flows [46, 15], one of particular interest is the formation of
19
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longitudinal vortices recently discovered by Forterre & Pouliquen [19]. This geometry
is particularly relevant to the current study as our work will focus on flow down an
inclined plane. Forterre & Pouliquen present a new instability observed in rapid
granular flows down rough inclined planes. For high inclinations and flow rates, a
deformation of the free surface appears in the transverse direction leading to the
formation of longitudinal stripes, as seen in Figure 1-3. A sheet laser light is used
in the experiment to record the surface deformation. Besides qualitative data the
authors also propose a mechanism for this kind of instability based on the concept
of granular temperature. Moreover, as suggested by [8], longitudinal vortices can
be a manifestation of gravitational instability. Indeed rapid granular flows display a
flow-induced adverse density profile that could drive a Rayleigh-Taylor-like instability.
laser sheet
Figure 1-3: Sketch of Pouliquen's experimental set-up. The three pictures correspond
to top views of the free surface and are reproduced from [18].
Granular materials can also exhibit a finger-like instability on inclined planes [44]
or in horizontal rotating cylinders [52]. As in every granular experiments the particle
size is a very important parameters. In the first geometry, Pouliquen, Delour & Savage
20
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discovered that a front of granular material exhibits a "contact line" instability (see
Figure 1-4). Although this is similar in appearance to the instability seen in viscous
fluids flowing down a plane (see Section 1.4), in this case the instability is not driven
by surface tension but by size segregation that develops during the flow. In [43, 42],
the author used new scaling properties for granular flows down rough inclined planes
to obtain the shape of granular fronts. From experimental observations an empirical
description was proposed for these flow in terms of a dynamic friction coefficient.
In the cylindrical geometry, Shen developed a dimensional analysis that predicts
that the dimensionless granular wavelength can be expressed as a function of the cylin-
der aspect ratio, granular Reynolds number, granular Froude number and granular
filling percentage.
a
Rising side of the cylinder
y 
Flow front
Figure 1-4: left: a. Experimental set-up of [44]. b. Deformation of the front observed
for poor-quality glass beads, ai = 30.5', h9 = 6mm; right: Formation of fingers in
rotating cylinders (view from the inside and reproduced from [52])
More recently Gray, Tai & Noelle have studied shock waves, dead zones and
particle-free regions in granular free-surface flows [21] that occur when a thin avalanche
of granular material flows around an obstacle or over a change in the bed topography.
Understanding and modeling these flows is of considerable practical interest for in-
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dustrial processes and design of defenses to protect buildings from snow avalanches.
They develop a generalization of a simple hydraulic theory and find a good agreement
between exact, numerical and experimental results.
1.3 Suspensions
Suspensions are simply everywhere in everyday life. They are used as abrasive cleaners
to renovate walls and as fabric washing liquids. They are present in sauces, mustard
or mayonnaise, in paints, fillers, glues and cements. They are intensively used in
medicines, creams, lotions or toothpastes. In nature, they are in oceans, rivers, lakes.
Almost everything that flows contains particles and therefore can be called a "sus-
pension", with a high variability in the volume fraction.
Usually, suspension is a synonym for dispersion, i.e. small particles (sub-micron
in a liquid continuous phase) are scattered in a liquid continuous phase. In many
systems, as in nature, the liquid phase is just water, hence Newtonian. Early work
has been done by Einstein [16, 17], who derived his famous equation for the viscosity
of a dilute suspension:
p =o(1- I + p())
where t is the measured viscosity, yo is the continuous phase viscosity, ti is called the
intrinsic viscosity and # the volume fraction. This so-called Einstein's law of viscosity
is derived with two assumptions, that the particles are solid spheres and that their
concentration is very low. To first order, the equation is simply:
p/po = 1 + 2.5 # (1.1)
where the factor 2.5 is known as the Einstein coefficient. But for higher concentra-
tions the result no longer holds, even if higher order corrections are included. An
alternative formula will be presented in Chapter 2.
22
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1.3.1 Shear-induced migration
An interesting phenomenon that has been well described in the last 15 years is the so-
called "viscous resuspension", discovered by Leighton & Acrivos in 1986 [35]. For very
concentrated suspensions of noncolloidal particles, e.g. polystyrene spheres 40-50 pm
diameter in silicone oil, they observed a shear-induced particle diffusion. The diffusive
process takes two separate forms: diffusion from regions of high concentration to low
and diffusion from regions of high shear to low. Practically, a bed of heavy particles
in contact with a clear fluid above it can be resuspended under the action of a shear
flow, as seen in Figure 1-5. According to the model developed later by the authors [2],
in the presence of shear, the height attained by the suspension relative to its initial
height, ho, should be a function only of the Shields parameter:
A= 9/2 "7
ghoAp
where yo refers again to the pure fluid viscosity, y is the shear rate, g is the gravita-
tional acceleration and Ap is the difference between the density of the solid particles
and that of the fluid.
Suspenion
Mcmury
Bearng~ Assembly
Figure 1-5: Experimental apparatus and photographs of different runs reproduced from
[55]
Various experiments have been performed in cylinders, such as horizontal Couette
23
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devices [54, 7]. Starting from a homogeneous suspension one may need to separate or
"segregate" the solid phase from the ambient liquid. This operation can even occur
when fluid and particles have the same density. In this particular geometry, and for a
monodisperse sheared suspension, one can observe segregation between particles and
bands of relatively clear fluid along the rotational axis as seen in Figure 1-6. Qual-
itative attempts to explain the phenomena have been so far unsuccessful, although
shear-induced resuspension may be one of the driving forces for this instability.
Figure 1-6: Segregation and fine structure of granular banding in two-phase flow.
Photo extracted from [7]
1.3.2 Sedimentation
Segregation can also readily occur when particles are denser than the ambient fluid.
Indeed one of the first phenomena that changes the dynamics of every flow containing
heavy particles is sedimentation. Good reviews include the work done by Roger T.
Bonnecaze on gravity currents down planar slopes [6] or by Huppert [24].
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Sedimentation can also be the driving force for many instabilities. Since most
of our work is focused on the dynamics of the contact line, and especially fingering
instability, one relevant study was done by Voltz et al. [59]. They investigate the
temporal evolution of a water-sand interface driven by gravity, as seen in Figure 1-7,
apply the idea of a Rayleigh-Taylor instability for two stratified fluids, and find a
good correlation between the model and experimental results.
I. - - -....
a) b) c) d)
e) g)
Figure 1-7: Water-sand interfaces showing formations of finger-like patterns and
plume-like structures, extracted from [59].
More recently, simulations [60] of a thin flow of suspension of rigid particles with
arbitrary shapes down an inclined plane in the limit of vanishing Reynolds number
have been performed. The authors formulate the problem in terms of a system of
integral equations of the first and second kind for the free-surface velocity and the
traction distribution along the particle surfaces. Extensive numerical simulations
illustrate the effect of the particle shape, size and aspect ratio in semi-infinite shear
flow, and the effect of free-surface deformability in film flow. However because of
the complexity of the system simulations of suspensions are only performed for less
than 36 particles. This has to be compared to Mucha's numerical simulations on the
sedimentation of 4,000,000 particles at low Reynold number [39].
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1.4 Fingering Instability
1.4.1 Introduction
The flow of thin liquid films on solid surfaces is a significant phenomenon in nature
and in industrial processes (e.g. manufacture of computer chips, solar power cells,
capacitors, etc.), where uniformity and completeness of wetting are paramount in
importance. One of the fundamental geometries is the simple wetting of an inclined
plane by a thin and uniform liquid film draining under gravity.
Using the usual fluid mechanics assumptions without special consideration, stress
and pressure should become infinite at the contact line. To solve this ambiguity
several models have been developed since the sixties. One of the models assumes the
existence of a microscopic precursor film in front of the macroscopic moving front line
for wetting liquid [14]. The typical thickness of that precursor film is 10nm and his
length is usually a few mm, as it has been detected in 1964 [3] and more recently
by Kavehpour, Ovryn & McKinley [28]. However it has been shown that for fast
spreading flow driven by gravity, and especially for partially wetting fluids such as
glycerol, the precursor film assumption does not fully apply.
1.4.2 Literature Review
The formation of fingers has been the object of intensive study since the first exper-
iments in 1982 [25]. It is well-known that the contact line of a thin sheet of fluid
becomes unstable. A fingering instability develops, and this may affect the quality
of the coating in various applications. The early work was conducted by Huppert
in 1982, concerning the formation of rivulets of clear fluid flowing down an inclined
plane. The schematic diagram of the problem is shown in Figure 1-8. Experiments
consisted of the release of a fixed volume of fluid at the top of an incline of plexiglass,
using a simple mechanical gate. Huppert used both silicon oil and glycerol and ob-
tained typical results as presented in Figure 1-9. Experimental data was analyzed and
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compared with a lubrication approximation [4] for the down-slope momentum equa-
tion. Neglecting surface tension and contact line effects, the momentum equation is
reduced to
0 = g sin a + vu,, (1.2)
where g is the gravitational acceleration, a is the angle of inclination, v is the kine-
matic viscosity and u the velocity. Combining this with a local continuity equation
leads to
ht + (g sin av)hsh, = 0 (1.3)
where h(x, t) is the unknown height of the free surface. The global continuity equation,
i.e. conservation of the total amount of fluid can be written as
XN
h(x,t)dx = A (1.4)
where XN is the value of x at the front and A
from the side (see Figure 1-8).
is the initial cross-sectional area measured
9
tip
Z4y
Figure 1-8: left: Configuration before each run: A is the measure of the initial cross-
sectional area taken from the side. right: Once the fluid is released, a thin film with
a height h(xt) moves in the x-direction; we assume the flow is at this point invariable
in the y-direction
From this set of equations Huppert found a similarity solution for the shape of
the free surface. The profile ends abruptly and needs to be smoothed by adding the
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Figure 1-9: Instability of the front of a viscous flow down a slope as observed by
Huppert in [25]
effects of surface tension which gives a classical thin-film equation:
ht + (g sin a/v)h2h. - 1/3(o-/pv)hsh222= 0 (1.5)
Scaling analysis of this last equation leads to the extraction of the main characteristics
of the instability, i.e. wavelength, growth rate and position of the onset of the fingering
instability. In the tip the dominant balance is between the gravity and surface tension
effects. The input parameters in the lubrication model are the material properties
of fluid itself (density, viscosity and surface tension), the angle of inclination and
the initial cross-sectional area of fluid measured from the side of the set-up. The
experiments indicated that the instability occurs after the two-dimensional flow has
propagated to a critical length proportional to A1/ 2. One can evaluate the length-scale
of the tip at this point to get
A 1/20 1/3
pg sin(a))
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where - is surface tension and p the density. Rewriting this equation,
11 =.A1/2 ) 1 (1.6)
where B is the Bond number, defined as B = pgA/o-. B is simply a measure of the
ratio of gravitational forces to surface tension forces. The wavelengths measured by
Huppert scale reasonably well with this length, and he found experimentally, with
15% error,
A ~ 7.5 li (1.7)
One of the first results that can extracted from this very simple theory is that
the wavelength does not depend on the viscosity of the fluid. This independence has
been true in subsequent experiments as well. The wavelength remains constant as
the amplitude of the instability increases.
Troian et al. [56] proposed a different approach that yielded similar results to
Huppert and developed a theoretical mechanism for the instability. The flow is now
divided in two regions: an outer region, away from the contact line, where surface
tension effects are negligible, and an inner region, corresponding to the formation of
a ridge at the edge, as seen in figure 1-10.
They used a lubrication approximation to calculate the flow profile in the first
region. It ends abruptly at position xN where the thickness of the film is HN =
3A/2xN where A is the volume of fluid per unit length. This can be derived by
eliminating t in the self-similar solution for the one-dimensional flow and evaluating
volume conservation up to the point where the profile ends abruptly at XN:
H = _ ( )1/2 (X)1/2(18
pg sin(a) t
XN 9A 2 g sin(Ce)) 1/ 3 t 1 / 3  1.g4pL
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outer region
inner region
solid xN
Figure 1-10: Schematic diagram illustrating the analysis by Troian et al. [56J.
The authors computed the flow in the inner region using the precursor film as a
boundary condition and matched the two solutions. Then the stability of the contact
line was studied by adding small sinusoidal disturbances in the transverse direction.
They defined a new length-scale for the phenomenon:
12= HN (3Ca)1/3  (1.10)
where HN is the characteristic depth of the fluid film, normally taken where the inner
and outer regions join. Ca is the capillary number defined as Ca = pU/O-. U is a
characteristic velocity, for instance the average speed of the contact line. From the
stability analysis one observes that the perturbations grow like exp(3-r) where r is
the dimensionless time. The dimensionless growth rate 3 is positive for dimensionless
wavenumber q ; 0.9 with a maximum for q - 0.45. Therefore the wavelength of this
instability is simply given by
A = (21r/q) 12 ~ 14 12 (1.11)
Good agreement is found between Huppert's experimental results and this theory.
Indeed, starting from 1.7, and introducing U = XN/tN, we finf
A = 7.5( )1/3
pg sin(a) tN U
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Introducing the capillary number Ca previously defined leads to
A = 7.5(X A )1/3
pg sin(a) tN Ca
Then from 1.8 and since A = 2HNxN
A= 7 .(H2 2 HNXN 1 1 )1/33 Ca A 1/2
Introducing 12 from its definition in 1.10, the equation becomes
A = 7.52( 2XN1/3
and since XN/A 1/ 2 ~ 10 in Huppert's experiments [25]
A ~ 23 12
The prefactor differs by a factor of about 1.5 but the scaling is identical.
Motivated by the theoretical mechanism developed by Troian et al., de Bruyn
[12] performed various experiments with silicone oil for angles between 20 and 21'.He
found that the growth rate, averaged over all angles, is 0 ~ 0.1, somewhat different
from the calculation of Troian et al.; he also obtained an average pattern wavenumber
q = (27r/A) 12 - 0.645 larger than the predictions. However it demonstrated qualita-
tive scaling agreement between the measured growth of a fingering pattern and the
previous theoretical calculations. Without explaining how the experimental results
can be quantitatively different from the theory, de Bruyn stressed that this difference
may not be due to experimental effects such as errors in measurement but maybe to
the condition of the solid surfaces.
Bertozzi & Brenner [5] proposed several explanations for the discrepancy between
the theoretical predictions and the experimental data. The first reason concerns
the component of gravity perpendicular to the incline plane that was not taken into
account before. They derived new equations integrating this factor, and showed
that the stability and shape of the front strongly depends on this additional force.
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Using a lubrication approximation and a precursor film one can obtain a fourth order
nonlinear equation of diffusion type for the film height h(x, y):
+ V.[hsVV 2 h] - D(a)V.[hsVh] + = 0 (1.12)
at ax
where V =(8x,8,), D(a) - (3Ca) 1/ 3 cot(a).
Below a given angle a* the front is linearly stable as the ridge collapses. In all
previous experiments it had been shown that the instability always occurs, but the
angle of inclination was always above that critical a*. The second explanation re-
garding the scattering of experimental results compared to theory lies in transient
growth. Small perturbations near the contact line can be amplified, whether or not
the front is linearly stable, i.e. whether or not the angle is below or above the critical
a*. The perturbations can grow near the contact line by a factor of 103 - 104 if the
size of the size of the perturbation is 10- 3 - 10-4 times smaller than the macroscopic
thickness of the film (of the order of 1 mm).
More recently improvements have been made in measurement precision. Instead
of roughly estimating the thickness of the film from the side or with a probe, which
does not account for the meniscus region, fluorescent imaging is used to experimen-
tally study rivulet formation on a incline plate. In [26], Johnson, Schluter, Miksis
and Bankoff use water-glycerin mixtures containing a small fraction of dissolved flu-
orescein on a glass plate. Instead of releasing a given amount of fluid on the top of
the plate, they use a constant flux for the unbroken film, as shown by Figure 1-11.
When the film is illuminated by black light, the local intensity of fluorescent light
is roughly proportional to the local film thickness with a precision of the measure-
ment of 0.02 mm. The authors recorded cross-sectional depth profiles and fluid depths
along the slope, and showed the existence of a plateau or valley between the ridges
along the sides of the rivulets, a feature that had not been previously reported in the
literature. They also reported that the hump is less pronounced or flatter as the angle
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camera
UV lights
plate
tank
pump filter
flow
Figure 1-11: Side view of Johnson et al. experimental set up (source: [26])
of inclination a decreases, whereas the wavelength increases. Finally they fit their
results with Huppert's law or Troian et al. results. Within the error of the experi-
mental values for the wavelength, they observe that the scaling argument proposed by
Huppert fits almost all the data with a prefactor of 13.9, very close to the numerical
predictions of Troian et al. However, if the power of the capillary term is not fixed, a
better fit can be obtain with A oc Ca-1 2 instead of Ca-1 /3, with a prefactor of 9.2.
Even more recently Lou Kondic [31, 30] performed fully nonlinear time-dependent
simulations for the constant flux configuration (see Figure 1-12), where a continuous
stream of fluid is set up. Assuming complete wetting he reported that the inclination
angle plays the main role in the shape of the patterns: for a vertical plane one can
observe finger-shaped patterns while small inclination angles lead to the formation of
saw-tooth patterns. He also predicted the existence of a "nontrivial traveling wave
solution" that has yet to be experimentally verified.
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t =10.0 It -=20.0 h
so- so.
Figure 1-12: Contour plot of the fluid height for the flow down an inclined plane,
reproduced from [31]
Overall since the early experimental observations by Huppert, a lot of work has
been realized to understand the mechanism of the rivulet formation in clear Newtonian
fluids flowing down an inclined plane. More recently various groups have begun to
focus on non-Newtonnian fluids. de Bruyn [13] studied the fingering instability for
yield-stress fluids, using high angles of inclination. For small angles the shear stress
developed in the fluid layer due to the downslope component of gravity is less than
the yield stress, and so the material will not flow. One can use such a phenomenon to
determine the yield stress of a fluid or the angle at which a layer of known thickness
starts to flow, and this is the main mechanism in inclined plane rheometers. de Bruyn
developed a simple theory using the Herschel-Bulkley model of a yield-stress fluid.
Such a fluid is described by the following:
T = rc + K7, T >Te
0= 0, 0
where 'r is the stress, rc is the yield stress, i' is the strain rate and K a parameter
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obtained by fitting the equations to rheological data. de Bruyn defines a new length
scale 13 similar to the Newtonian case, but with an extra factor that takes account of
the different constitutive relation. Then he performs experiments with suspensions
of bentonite clay in water. The particle diameter was roughly 4[pm and the suspen-
sions were mixed for 15 min with a hand-held kitchen blender. The wavelength was
measured directly from the recorded video images at the earliest time at which the
fingers are clearly identifiable. They fitted the experimental results with the theo-
retical predictions, and found that the expression for the length scale describes the
wavelength data well.
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Chapter 2
Finger-like patterns in suspensions
In this chapter the impact of particles on rivulet formation on an inclined plate is
studied. Although research has been performed on fingering instability in clear fluids
and on dynamics of suspensions, no study has combined the two effects. The influence
of particles on the fluid's properties will be described in the first section. The second
will be dedicated to the description of the set-up, while experimental procedures on
data acquisition will be presented in a third part. Experimental data will finally be
gathered in the last section.
2.1 Influence of particles
2.1.1 Physical properties
One change in the physical properties of a mixture relative to a clear fluid is the
shift in density. Considering an ambient fluid with a density pf and a suspension of
particles with a density pp, the effective density of the suspension p is given by:
p=(1 - )pf+#pp (2.1)
where $ is the volume fraction of particles.
The viscosity of a suspension increases compared to that of a clear fluid, and
should approach an infinite value as the volume fraction approaches the maximum
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packing value #m, i.e. the suspension begins to behave like a solid. Correlation with
experimental data found in [32 suggests the following formula:
pr(#) (1 - )-1.8 2  (2.2)
although an exponent of -2 (rather than -1.82) is generally accepted in [37] and [38].
For this first formula #m is taken to be 0.64 according to [47]. Two other empirical
formula are widely used for the dynamical viscosity for different #:
y,(#) = (12+ )2 (2.3)
#M/# - 1
1
pr,(#) = 1 1  (2.4)
1- (#/#m)1/3
Figure 2-1 shows the behavior of the relative viscosity pr for different volume
fractions # according to Eqs. 2.2, 2.3 and 2.4. All three give nearly the same value at
moderately dense packings, 0.4 < # K 0.48. Above this region the relative viscosity
diverges as # approaches its maximal value, respectively 0.62, 0.605 and 0.625 for the
three equations. We will use 2.2 in our study.
2.1.2 Settling velocity
As stated previously, particles will sediment if the ambient fluid's density is less than
their own density. An expression for the sedimentation velocity of an isolated particle
was obtained by Stokes in 1851. He derived an equation relating the terminal settling
velocity of a smooth, rigid sphere in a viscous fluid of known density and viscosity
to the diameter of the sphere when subjected to a known force field. This result is
used in the particle-size analysis of soils by the pipette, hydrometer, or centrifuge
methods. It is obtained by balancing the drag of the sphere and its weight when the
sphere's velocity reaches a steady state:
67rpaVtokes = 4/37ra 3 Apg (2.5)
Vstokes = 2/9a2 A pg/A (2.6)
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Figure 2-1: Relative dynamical viscosity pL, vs. the packing density $. The results of
the three empirical formula 2.2, 2.3 and 2.4 are plotted in blue, green and red. p, is
nearly the same for all three approaches provided the volume fraction is not too high,
# < 0.48. Above this range p, starts to diverge as # reaches Om where the divergent
behavior differs significantly between the various approximations.
where p is the viscosity of the ambient fluid, g the acceleration of gravity, a the radius
of the particle and Ap the difference in densities.
Different approaches have been developed to characterize the behavior of a sus-
pension. We consider a suspension composed of rigid spherical particles of equal size
and density sedimenting in a Newtonian fluid at very small particle Reynold number.
Furthermore let us suppose that the suspension is stable, i.e. that any Brownian
motion and attractive van der Waals forces are too weak to affect the behavior of the
suspension. Under these assumptions an initially well-mixed suspension will separate
into three regions: a layer of clarified fluid, a suspension region and an interface be-
tween the two.
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According to [11], for particle volume fractions as small as 1%, the average settling
velocity of the spheres is noticeably lower than that given by Stokes' law. This
difference is usually described by a hindered settling function f(#) such that the
average fall velocity of a sphere in the suspension is given by
Vav = Vstokesf (#) (2.7)
It is assumed that this function f depends only on the volume fraction # and that
it is monotonically decreasing with the boundary condition f(0) = 1. The most
commonly used empirical correlation is that attributed to Richardson & Zaki [45]
f(#5) = (1 - #)n, (2.8)
where, according to Garside & Al-Dibouni [20], a value of n = 5.1 most accurately
represents their data for small Reynolds number. Earlier Barnea & Mizrahi proposed
a semiempirical formula plotted in Figure 2.1.2
(1 -q#) 2f (#) = (1_02(2.9)(1 + # 1/ 3 ) exp (5#/3(1 - #))
Although the fifth power in 2.8 has generally been assumed in past studies on sus-
pension flows, for examples studies by [8], this relation is largely empirical and is only
an approximation.
0.9
0.8 Dilute Case
-- Richardson& Zaki
0.7 - S emiempirical formula
0.6 Figure 2-2: The hindered
0.5 settling function f($). The
0.4- dilute case is obtained from
0.3
2.9 when # -+ 0.
0.2
0.1
0 0.1 0.2 0.3 0.4 0.5 0.6
Volume Fraction
Even in the dilute case, the velocity fluctuations of dilute sedimenting spheres have
been addressed by numerous authors, theoretically [29, 36, 39], experimentally [23, 50,
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22] and numerically [34, 33]. Generally speaking, the experimental, theoretical and
numerical studies completely disagree with each other, especially when the question
of the influence of the system size arises.
2.2 Experimental set-up
2.2.1 Apparatus and Materials
The apparatus is conceptually very similar to the earlier ones for coating flows down
an inclined plane. An acrylic sheet 120-cm long in the downstream x-direction, 30-
cm wide and about 1 cm thick is held by two horizontal aluminium bars and is
allowed to tilt at an angle a between 0' and 600 from the horizontal. The choice of
such a wide channel (30 cm, compared to 1 mm, the typical thickness of a layer of
suspension) ensures that the measurements are not affected by the lateral boundaries
which are known to dramatically change the flow structure. The suspension flows
from a reservoir through a gate whose opening can be precisely controlled. The size
of the opening can be varied to allow different fluxes. Once the suspension reaches
the end of the plate it is recovered in a plastic tray. A picture of the apparatus is
shown in Figure 2-3.
Choice of fluids
In previous work on clear fluid flow down an incline both wetting or non-wetting fluids
have been used (see section 1.4). We use two different fluids in our experiments with
different wetting properties: the wetting fluid is silicone oil 1, or polydimethyusilox-
anes. The viscosity of the oil used in all experiments is 1000 cSt, ie 1 Pa.s, the
density is 970kg.m- 3 and the surface tension is 21.2 mN.m- 1 . The shear viscosity
of the silicone oil can be verified using a cone-plate rheometer. All of the tests for
viscosity are run using this geometry, where the cone's tip is truncated (see Figure
2-4). The viscosity of the fluid was checked before every experiment.
'Dow Corning 200 Fluid
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I Reservoir
Figure 2-3: Picture of the apparatus. The plexiglass sheet is held by two sets of hor-
izontal aluminium rods that can move separately in the vertical direction and change
the angle of inclination. The upper reservoir sits on a bench. The tank sits on top
of the plane, and the opening can be varied via a moving gate. A laser light shines
from the top along the slope direction to measure film thicknesses. A black plastic
background is held by four clamps. White lines are painted on the background every
4 cm in the x-direction and every 2 cm in the y-direction.
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Figure 2-4: Diagram
throughout the fluid
of the cone and plate rheometer. The shear rate is constant
The second fluid is glycerin 2 . Glycerin has a high static contact angle on plexiglass
(0e ~ 500 - 700) and is partially wetting. Glycerin's viscosity can change significantly
due to the absorption of water, as shown in Figure 2-5. This is the main disadvantage
of glycerin: the fluid is continually absorbing water from the atmosphere, and since the
slope of change in viscosity is huge, around 95-100%, the viscosity of our preparations
change dramatically over the time. Before each experiment a measure of viscosity is
performed.
Because the surface tension of water and glycerin are similar, we assume that
the surface tension of glycerin remains constant and does not depend on the water
composition. The surface tension of glycerin is taken from the literature to be -
63.4 mN.m 1 . The refractive index of glycerin is 1.4729.
2 obtained from VWR international or Sigma-Aaldrich
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Figure 2-5: Left: using the cone and plate rheometer, the shear viscosity of pure
silicone oil at 22 0 C is found to be 1.02 Pa.s. Right: Viscosity of a solution of
glycerine/water, from [1]. The y-axis scale is logarithmic, and the viscosity changes
by three orders of magnitude.
Choice of particles
The particles are glass spheres with different diameters, varying from 60 to 400 mi-
crons. They are sold in three different sizes: 40-60 microns, 106-212 microns and
225-450 microns 3. Particles can be size segregegated using sieves. The material has
a refraction index of 1.56, and a density of 2.6. Therefore, mixed with silicone oil or
glycerine, the particles are always heavier than the bulk material, and will tend to
sediment. The beads can be dyed using a special glass paint '. After vaporization
of the paint in a cardboard tray, the material dries in approximatively 5 hours. The
beads must be sieved after they are dyed as they tend to form packets sealed by paint.
2.2.2 Procedures
Running the experiment
Before each run the angle of inclination of the plexiglass plate is set and checked using
two methods. The choice of angle is made by moving the brackets holding the rod,
sprovided by McMaster and usually used as blasting media
4Krylon Stained Glass color or Krylon Short Cuts
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as seen in Figure 2-3. The perfect horizontality of the edges are checked by a level.
To measure the angle, the first method consists in measuring the height of the top
edge and of the bottom edge of the plane. Knowing the difference between the two
measures and the length of the sheet, one can get a value with a great accuracy, on the
order of 0.050. The second method consists in using a level mounted on a protractor,
and the precision is 0.50. To mix the fluid and beads at a given volume fraction it is
important to first pour the right amount of fluid in a rigid plastic bottle. The typical
volume of fluid we pour in the bottle is 500 mL. Then glass beads can be added
little by little, until the volume of the suspension reaches the value corresponding to
the right volume fraction. Three basic concentrations are used in the experiments,
corresponding to 100, 200 and 400 mL of beads suspended in 500 mL of fluid, i.e.
17%, 29% and 45%.
Different methods can be used to mix the suspension. In experiments involving
highly-concentrated suspension a mechanical stirrer or a blender are used to mix the
solid material with the fluid [51]. In our case the beads are bigger than the ones previ-
ously used, therefore a mechanical stirrer cannot overcome sedimentation effects. We
found also that a mechanical stirrer such as a rotating rod introduces tiny air bubbles
in the suspension that can affect the rheology of the suspension and the flow of the
thin film. Even if the suspension looks homogeneous, mechanical mixing methods
yield artificial gradients in concentration that lead to disturbances in the flow. A ro-
tating mixer as seen in Figure 2-6 is more adapted to our configuration. Before each
experiment the bottle is manually shacken so that the beads are scattered along the
bottom, and then the rigid bottle is put on the roller for at least 15 min. The mixing
becomes progressively more difficult as the volume fraction of particles increases, un-
til it reaches a value of 60% above which the mixture doesn't flow. However, once a
uniform suspension is attained, it can be easily maintained with only relatively minor
agitation.
Prior to each run the plate is cleaned with a squeegee. We found that careful
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Figure 2-6: The roller mixer used before each experiment.
cleaning with soap and water did not change the results of the experiments. Once
the plate is clean the suspension is poured in the tank on top of the plate, and
the viscous mixture begins to flow through the mechanical gate. When needed we
use an alternative method for cutting the film and forming a flat fluid front, as
introduced in [27] and shown in Figure 2-7. The method uses the same squeegee, a
long rubber wedge, to remove a section of fluid from a continuous film. The front
resulting from this method is uniform and regular, and it has been shown previously
that the squeegee leaves behind a very thin film of liquid, estimated to be a couple of
microns. The initial method produces fingers within experimental error of the same
wavelength as the fingers formed using the squeegee. Thus it can be assumed that
the effects of that remaining film are negligible.
Once the suspension is released the thickness of the film decreases as the volume
contained in the tank decreases. Thus a broad range of thicknesses can be obtained,
assuming that the concentration of beads in time is roughly the same. Measurements
of the concentration in the flow have been carried out to experimentally verify this.
Knowing the mass M contained in the sample, the density of the beads Pb, the density
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Figure 2-7: Pictures of the fluid depth cross-section from [26] showing the evolution
of a front after the application of the squeegee. The squeegee cuts the film cleanly.
of the fluid pf and the total volume V, one can get a value for the volume fraction #
from the following equation:
((1 - #)pf +#p)V = M
Data acquisition
Once the suspension begins to flow on the plate, one needs to measure two important
parameters: the wavelength of the fingers, and the thickness of the film.
The first can be easily obtained using a digital camcorder, or a digital camera
taking still pictures, as seen in Figure 2-9. The calibration is performed using a piece
of black cardboard below the plane with a 2 cm-spaced grid, as seen previously in
Figure 2-3. The software ImageJ is used at this step to extract the wavelength.
The thickness of the film is harder to measure in a clear fluid experiment. One
could put a probe in the flow, but a meniscus will form around the probe and the re-
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sulting precision will be affected by this effect. This problem holds when one attempts
to estimate the thickness of the film from the side of the experiment if the walls are
transparent, although it provides a rough idea of the depth of the moving fluid as
in [57]. In our experiments it is rather easy to obtain an accurate value because of
the presence of the particles. In relative darkness, a laser 5 sheet is illuminated above
the plate. Once it touches the surface the light reflects on the surface of the film of
suspension due to the presence of glass beads, and one can clearly see the free-surface
and its deformations. The idea of using a laser sheet was first suggested by [10] in
which the flow was not a suspension but a granular media. A digital camera with
high-resolution, a Canon Reflex EOS 10D 6.3 MPixels, is mounted with a macro lens
and takes pictures from the side. A sketch of the system is shown in Figure 2-8.
laser sheet A
digital cameras
z y
a
x
Figure 2-8: Sketch of the experimental facility. One camera records the deformation
of the free-surface illuminated by the green laser sheet. A second camera takes pictures
of the instability itself.
By adjusting the shutter time and the aperture, the curve of the free surface can
be clearly identified from the side of the experiment, as seen in Figure 2-9. The
trade-off between shutter time and aperture is important, because if the CCD panel
'Green laser provided by Lasiris, http://www.stockeryale.com/
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Directions of the flow
Figure 2-9: Top left: picture of a typical fingering instability. The wavelength is
not exactly uniform but one can extract a value within 10% error. The white stripes
are spaced every 2 cm. Bottom left: picture of a ridge with 250/425 pm beads
illuminated by the laser and taken by the digital camera from the side. Downstream
is the dry plate of plexiglass. The deformation of the laser sheet by the finger is
obvious and quantitative. The thickness of the film is here 0.93 mm. Right: free-
surface illuminated by the laser sheet. In this case the laser is positioned at a very
low angle and the picture is taken from above. The line is blurred and the constrast
is unsufficient for quantitative analysis.
of the camera catches too much light from the outside, the extracted profile won't be
the actual free-surface but a jagged line. The angle of the camera is sufficiently low
so that we can consider the picture is taken in a plane perpendicular to the flow.
The quantitative measure of the thickness is performed as follows. Prior to each
run, a picture of the clean plate is taken. Substracting the position of the free-surface
from the position of the surface of the plate gives an accurate measure of the thickness
of the film, with a precision on the order of of a few pixels. A simple calibration of the
camera using a ruler provides a measure of the thickness in millimeters. One can also
extract the free-surface profile using a Matlab numerical routine (see Appendix A).
The numerical analysis is required because the line is not in fact a true line. First of
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all it has a finite width that can reach a value around 10 pixels with a very high zoom
factor. Secondly it has a granular structure at small scales, mostly because of the
"speckle" phenomenon, and because the light is reflected by individual beads, and the
quantity of light transmitted is function of their orientation and their position in the
flow. However, we see that at large scales the line is quite smooth. Therefore taking
the average along the line seems to be acceptable. In a few words the program opens
a picture and only keeps the measure of the green color. Then it tracks the position
of the greenest pixel along the width of the picture, and computes an average for +/-
5 pixels from this pixel. The result is not necessarily an integer and therefore allows
for more precise results.
Validation tests have been run using a simple dish filled with colored water and
a drop of soap. The volume of fluid is exactly measured as well as the surface of the
dish. Therefore, by conservation of volume, the true thickness is easily known. Ex-
perimental results and comparisons are presented in Figure 2-10. The experimental
error is on the order of a percent. Thus the method appears to be sufficiently precise
and easier to set up than any fluorescent imaging. On the other hand one cannot mea-
sure thicknesses at different positions across the flow simultaneoulsy, since it would
require as many cameras and as many lasers as the required number of points. An-
other disadvantage of this technique appears when one wants to follow the profile of
a finger: the growing instability must occur at the right position where the laser is set.
Overall one sees that the measure of the thickness of the film is pretty straight-
forward. Since the picture is taken from the side at low angles we don't need to add
in our method a step that could take into account a change of coordinates. This kind
of step is required when the laser sheet is positioned at a low angle and the pictures
are taken from above, as in [9]. However this method is very efficient for getting large
aspect ratios, i.e. when the length of the structure is much larger than its width or
thickness. We tried also this method, but due to the presence of particles in our flow
the laser sheet is too diffuse and the result is blurred, as we see in Figure 2-9.
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Figure 2-10: Calibration of the method for measuring film thickness. The dots corre-
spond to the experimental values for the film thickness, the red line to the actual value.
The slope of the experimental points is 91 pixels/mm. This calibration is confirmed
by photographing a ruler which yields 92 pixels/mm.
2.3 Results and Discussion
In this section we will report experimental data for the fluid depth profiles of the
front and the rivulet formation on the inclined plate. In the latter case we will focus
on the dependence of the shape of the fingers and the wavelength of the instability
on the concentration of particles in the suspension.
2.3.1 Fluid depth profiles of the front
Fluid depth profiles of the front are directly measured using the pictures taken from
the side. As stated previously pictures are analyzed by a Matlab program. A typical
result of the depth profile is shown in Figure 2-11.
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Figure 2-11: Plots of film depth as a function of distance in the direction of flow.
The suspension is made of silicone oil and 45% 250-425 Am beads on a 42' slope.
Each profile is recorded every 10 sec. and the total length in the x-direction is 4.5 cm.
Rescaled profiles superimposed on top of each other are presented in the bottom plot.
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With the current apparatus, especially with a fixed camera with a macro-lens, one
can not track the front along the whole length of the plate. Instead of recording the
evolution of the contact line from the top of the plate to the bottom one can only
follow it on a short distance, typically 4 to 5 cm. At this length scale, the profile does
not evolve a lot. Figure 2-11 shows that once the profiles are shifted laterally they
correspond exactly, except at the far left. With the choice of parameters in the figure,
i.e. large angle and high concentration, the formation of a large ridge can be observed.
This ridge is 4-5 times larger than the ridge observed in the clear fluid case. Looking
at the rescaled data, the ridge can reach twice the height of the film upstream. Later
it will be seen that this is characteristic of high concentrations and high slopes. For
relatively small slopes or low volume fraction the shape of the contact line is flatter
as seen in experiments with silicone oil as predicted in previous numerical simulations
for clear fluids (see for example [57, 31]).
2.3.2 Fingering instability
As stated previously, the pattern wavelength A is directly measured from the recorded
digital pictures at the time at which the fingers are clearly identifiable. The wave-
length is never perfectly uniform, and the standard deviation in A is roughly 10 to
15%. In the following section we will primarly see the influence of three parameters:
size of the beads, concentration and slope of the inclined plate.
Influence of particles size
Different kinds of particles are available, from 60 pm to 450 pm. Therefore we can
easily see the impact of particle size on the formation of fingers and rivulets. A first
set of experiments is performed using glass beads with a diameter between 106 Pm
and 212 pm. The fluid is chosen to be glycerol. Different concentrations are prepared,
with volume fraction of 17%, 28% and 45%. For each concentations 20 to 25 tests have
been performed with different slopes, from 10' to 500. For each of these experiments
we observe the formation of fingers as expected. The fingers are made of suspension,
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and their shape is somehow different depending on the angle of inclination as seen in
figure 2-12: at low angle the fingers are wider than at high angle.
Figure 2-12: Fingers obtained for 17% of 106-212 pLm beads in glycerol. left: slope of
260, large finger width; right: 46' slope, fingers are thinner
For each experiment the thickness of the film and the wavelength of the instability
are measured. From this first set of data we can test the well-known Huppert scaling
presented in Eqn. 1.6, as seen in Section 1.4. We plot ln(A/h) vs. ln(3pgsin(a)h2 /,.),
where p is the effective density, and we perform a linear regression to retrieve a power
law. The results are plotted in Figure 2-13. The data is concentrated about a line,
and whatever the angle or volume fraction within the suspension the ratio of wave-
length over thickness always follows a -1/3 power law as predicted by Huppert for
clear fluids. Therefore for this range of particles size we don't see any particle effects
such as sedimentation: fingers are always composed of the suspension and beads are
simply carried and dragged by the flow. The suspension acts like a clear fluid with
only a shift in its density and viscosity. Furthermore over time the viscosity of the
suspension at a given volume fraction decreases since the ambient fluid is glycerol (as
glycerol absorbs moisture from the air), but we don't see any effect of that change of
viscosity on the wavelength of the instability. Thus we experimentally do not see any
dependence of A on p.
Overall suspensions with this type of bead do not vary dramatically from clear
fluid studies but provide a good test for the technique and further proof of the validity
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of the Huppert scaling law. The suspension just acts like a clear
properties that are modified due to presence of particles.
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Figure 2-13: Results for the 106-212 microns beads. Independent
the wavelength of the instability follows the Huppert scaling, i.e.
fluid with material
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of the concentration,
a -1/3 power law.
The second set of experiments is performed using 250 to 425 microns glass beads.
We expect that above a given diameter, particles will simply sediment out, pile up
on the upper end of the plate and that later fingers made of clear fluid instead of
the suspension observed previously will appear. In other words, two timescales are
competing: the time for the particles to sediment, and the time for the fingers to
develop. Somewhere in between we should find a range of particles diameter wherein
the two time scales are on the same order. It appears that the 250 to 425 microns
beads fall into this criteria as will be seen in the next section.
Influence of the concentration
With the new range of particles size (250 to 425 pm) we observe that sedimenta-
tion becomes important. For small volume fractions sedimentation occurs faster than
55
/Li i i 1
Chbapter 2. Finger-like patterns in suspensions 2.3. Results and Discussion
when the concentration is high as was predicted by the theory (see Section 2.1). This
can be physically explained by the following picture: as the volume fraction increases,
there is less and less space for a single bead, and it has to dodge in and out of the
other suspended particles as it sediments. This picture only holds for homogeneous
suspension, since we observe experimentally that a "droplet" of particles sediments
faster than a single particle.
For a given angle, we perform experiments releasing a given volume of fluid, typ-
ically between 200 and 800 mL. Concentrations vary between 17% and 45%. For
the last volume fraction the suspension behaves like mud and doesn't flow very well.
For even higher concentrations the mixing is almost impossible. Observations made
during these experiments report three regimes that can be identified:
1. sedimentation occurs upstream and fingers of clear fluid develop;
2. fingers of suspension appear;
3. the front grows and forms a ridge which eventually is destabilized in an irregular
manner.
Pictures of the different regimes are shown in Figure 2-14.
This differentiation is somehow subjective, especially when it comes to demarkat-
ing a clear line between two regimes. For the case of the formation of a ridge, even
if the ridge is eventually destabilized and breaks, however one cannot extract any
regular wavelength for this instability. Results obtained for various # a fixed angle of
400 are reported in Table 2.1.
The first observation based on this data is the following: for low concentrations
(in that case less than 33%)the suspension flows down the incline, then particles
gradually begin to sediment out. At some point the fluid loses all of its suspended
particles and only the ambient fluid flows on the plane and finally breaks into fingers.
For medium ranges of volume fraction sedimention time is smaller and fingers of
suspension form, and beads are dragged into the fingers by the flow. The shape of
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Figure 2-14: Different regimes observed top: (1) sedimentation and fingers of clear
fluid, (2) fingering instability of suspension; bottom: (1) formation of a large ridge,
(2) view from the side.
the fingers is different from the clear fluid case. Where two fingers coalesce the flow is
not as fast as it is in the tip region of a finger. Therefore in this region sedimentation
plays a more substantial role: particles pile up resulting in the formation of a thicker
region, as seen in Figure 2-14. Between the two regimes, a few particles are dragged
by the flow into the fingers as seen in Figure 2-15.
For very high volume fraction close to the maximum packing concentration the
flow does not finger but evolves into a ridge of thickness more than twice the thickness
of the layer upstream. The ridge forms when the flow has traveled a long distance,
typically more than 2/3 of the whole length of the plate. At this point the flow
begins to slow down and the ridge emerges and continues to grow for a distance of
approximately 20 cm. Finally it reaches a critical thickness and is destabilized, i.e.
breaks into irregular large fingers.
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Table 2.1: Regimes observed for a = 400 and 250-425 pim particles.
Influence of the slope
For a given concentration one can change the slope and see the influence of the angle
of inclination a. It is expected that for low angles the fluid will not flow sufficiently
quickly and sedimentation will play a leading role once again. One the other hand for
large angles sedimentation should not play such a large role in terms of time compared
to the time scale of the fingering instability.
For a volume fraction of 38% we performed experiments within a range of angles
from 200 to 50'. Results are reported in Table 2.2. Overall we observe a trend as
Table 2.2: Regimes observed for $ = 38% and 250-425 pm particles.
expected. For high angles the suspension flows fast until it reaches a point where
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Concentration Regime
17% clear fluid fingers
28% clear fluid fingers
33% fingers of suspension
38% fingers of suspension
45% formation of a ridge
Angle Regime
20 clear fluid fingers
25' clear fluid fingers
33 fingers of suspension
36 fingers of suspension
40' fingers of suspension
44 formation of a ridge
49 formation of a ridge
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Figure 2-15: Picture of the transition between fingers of clear fluid and fingers of
suspension: particles are dragged into the fingers by the flow.
particles begin to sediment and to form a ridge. For low angles the flow is slow and
particles have plenty of time to sediment in a flat and regular front; again rivulets
of clear fluid are formed. The data defining these regimes can be summarize in a
phase diagram as plotted in Figure 2-16. One can delimit three continuous regions
corresponding to the three regimes previously described. Below a given concentration,
typically on the order of 25% after extrapolation, sedimentation occurs before the
instability whatever the angle. For volume fraction from 25% to 30% there are only
two regimes within the range of angles we have experimented. Above this critical
value of 30% we observe the formation of a large ridge for high angles.
Regarding the finger depth profiles in the regime where sedimentation and growth
rate of the instability are comparable, we obtain similar results to previous work
[25, 26]. Figure 2-17 represents a sample of rivulet fluid depth profiles. Measurements
are taken along the centerline of the finger. The data shows considerable scatter
because of the very thin depth of the film. The ordinate is the fluid depth divided
by the bulk film depth as measured upstream from the front. One characteristic of
the flow field is that the fluid depth along the centerline of the finger is relatively
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Figure 2-16: Phase diagram for 250-425 pm beads showing 3 domains corresponding
to the 3 regimes described. Flow profiles for the circled symbols are shown in Figures
2-17 and 2-18.
constant behind the bump. Differences in the bump height and shape and finger are
quite evident. Starting from a flat front the hump rapidly appears and becomes more
and more pronounced as the finger grows, although we do not observe in this case
the existence of a plateau just before the hump as reported by [26] where the authors
use a mixture of water and glycerin. Due to the type of lens used, our range in the
x-direction is limited to a few centimeters.
A typical result for the depth profiles in the third regime where we observe the
formation of a large ridge and the suppression of a regular pattern is shown in Figure
2-18. Originally the front is relatively flat but rapidly evolves into a large ridge with
height almost three times the depth upstream. This factor of three must be compared
to the ridge shown in Figure 2-17: in the regime of suspension fingering the ridge only
grows by a factor of 1.5 or so. To obtain two profiles at different positions for the
same experiment both the laser and digital camera were shifted downstream. The
distance between the two fronts in Figure 2-18 is actually 10 cm. The formation of
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Figure 2-17: Normalized depth as a function of distance in the direction of flow for
33% of 250-425 tm beads in silicone oil and a slope of 440 and for two different times
(see Figure 2-16 for the type of regime). In early times the front does not exhibit a
large ridge but flows faster, and a ridge emerges later.
such a large ridge can be physically explained using an argument presented in [57].
Veretennikov, Indeikina and Chang found in their experiments that a nose always
appears when the front is sufficiently thick and the driving force is sufficiently large.
In our case, the external body force pushes the suspension forward at a higher speed
than the largest possible wetting speed. Therefore the front protrudes beyond the
contact line and forms a nose. Sedimentation into the bump occurs as the speed of
the propagating front slows down and we should expect a larger concentration in this
region.
If we record the tip position for this choice of particle size, concentration and
slope, we found that the tip speed decreases considerably during the course of the
experiment. As shown in Figure 2-19, the velocity can vary by a factor of 10 and
reaches a constant value after two minutes which corresponds to a distance of about
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Figure 2-18: Normalized depth as a function of distance in the direction of flow for
45% of 250-425 pum beads in silicone oil and a slope of 440 and for two different times.
Again in early times the front does not exhibit a large ridge but flows faster, and a
ridge emerges later. Each profile has been arbitrarily shifted to fit in the same plot.
Therefore the distance between the two fronts is not the actual value.
40 cm down the plate. This is exactly where the ridge begins to appear. If we plot
the log of the position versus the log of time, we found that a good fit is obtained
when x ~ t 1/2 with a coefficient of regression R2 = 0.98. However careful inspection
of the curve indicates that a power law may not be the best fit for the data.
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Figure 2-19: Front speed as a function of time and In x vs. int for 45 % of 250-425
pim beads in silicone oil on a 450 slope. The decrease of velocity corresponds to the
formation of the large ridge.
2.3.3 Wavelength scaling
We have already shown that for the regime where sedimentation occurs before the
instability, the wavelength of the rivulets follows the formula proposed by Huppert
and Troian. The next step is to look at the fingers made of suspension and try to
correlate them with an adapted law that takes account of the sedimentation effect.
This new scaling will be developed in the next paragraph whereas a second section
providing experimental data will be devoted to the validation of this scaling.
Starting from the down-slope momentum equation using the approximations of
lubrication theory,
= puzz +pgsina (2.10)
Introducing surface tension -which balances pressure in the ridge
p = p(x) = uhm, (2.11)
one obtains the following set of equations, assuming a non-slip condition at the bottom
and a no stress condition at the free-surface,
1
- (p, - pg sin a) = uzz (2.12)
UIz= = 0 (2.13)
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Uzlz=h = 0 (2.14)
Integrating the momentum equation two times with respect to z and taking ac-
count of the two boundary conditions leads to
u = hxx - pgsina (1/2z2 - hz) (2.15)
Averaging the velocity across the flow depth and introducing a depth averaged velocity
h
V= 1/h udz (2.16)
one obtains
2h= 
_ (si" - ha  ) (2.17)
To enforce mass conservation we consider a volume between X and X + AX as seen
in Figure 2-20. The change of mass of particles in this slice is equal to the input mass
flux minus the output flux, with a concentration of beads c that is assumed to be
constant across the depth
a(hcAXp) = (vchp,)x - (vchpp)x+Ax (2.18)
(hc)t + [(V + v, sin a)hc], = 0 (2.19)
where v, is an average sedimentation velocity. Assuming a steady state in the flow
leads to
[(O + v, sin a) hc], = 0 (2.20)
Using now Equation 2.17 and rescaling the equation leads to{ 2h 2 pg sin a - O-/phxxx + v, sina = 0 (2.21)
3 1PI
and if we use the same scaling as Huppert, the equation becomes
2 H 2 pgvsinsano-0
2H 2 psin+ v, sin a 0 (2.22)
3 y y A3s
Therefore we obtain a new scaling law for the wavelength of the instability
C< 1/ [V 3 sin a___+pg sin a] (2.23)
1/A3  n2H3 H
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AX
Figure 2-20: Schematic of the flow. The film thickness is h.
or if we rewrite this last expression,
A F . (3vp pgH2\-1-V3
- oc sn a 3 v + (2.24)
H _S (2 o- o-
Again, we retrieve the -1/3 power law that is characteristic of the instability.
The difference here comes from the presence of a new term added to the traditional
Bond number previously defined: a term that now takes account of the sedimentation
effects. As described by Equation 2.7, Vstoae, can be introduced in the last expression,
- oc sina(1/3.f(4) + )1/3 (2.25)
H a- o-
Again, we can define a new Bond number that is related to the particles themselves,
B = Ag and rewrite the last equation as
oc sin a (B + 1 Bp.f ) (#) 1 (2.26)
When particles are very small, B, < B and the scaling becomes the traditional
result. Moreover, we also obtained the independence of A with pu even in this mixed
case. This particularity was noted previously and is still present. The instability is
indeed the result of the competitive action of surface tension and gravitational effects
and should not include any viscous term.
65
2.3. Results and DiscussionCh.apter 2. Finger-like patterns in suspensions
Now that the sedimentation influences have been taken into account and that a
new law has been derived, one can validate this scaling by testing it with data obtained
in this regime. Regarding the hindered settling function f($) it was decided to use
Equation 2.8 with n = 5. Results are plotted in Figure 2-21. Two concentrations have
been tested within the mixed regime, 33% and 38%. To compute B and Bp we use
the measure of the thickness H obtained from a picture from the side as previously
explained. Surface tension is taken to be 21.2 mN.m- 1 and the particles size is the
average diameter, i.e. 350 microns. On top of this experimental data a trendline
obtained by linear regression is plotted. Instead of the -1/3 power law expected
we obtain -0.31, but looking at experimental errors, in not only the measure of
the wavelength but also the thickness of the film, the result is in fact encouraging.
Moreover, the power law is confirmed by the regression coefficient R = 0.92.
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Figure 2-21: Results for the 250-425 pm beads in silicone oil in the mixed regime, when
sedimentation and fingering time scales are essentially equal. Two concentrations have
been tested, 33% and 38%. f($) is taken to be (1 - $) 5, as suggested by 2.8. The fit
is obtained by a linear regression. The equation for this line is y = -0.31 * x + 2.5
with R 2 = 0.85. Therefore the scaling well describes the behaviour of the mixture.
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Chapter 3
Gravitational instability
3.1 Theoretical predictions and scalings
3.1.1 Theory
Carpen & Brady [8] have investigated the behavior of gravity-driven flows of non-
neutrally buoyant suspensions down an inclined channel as seen in Figure 3.1.1. Start-
ing from the suspension-balance model of Nott & Brady [40] as modified by Morris
& Brady [38], they derive governing equations and numerically solve the system to
get the base state. The velocity profile is blunted in comparison to the corresponding
parabolic Newtonian velocity profile. The rapid shearing motion close to the bottom
wall generates a large pressure so that the region of low density near the wall can
support the weight of the heavier, lower shearing region located in the middle of the
channel. Therefore the system has an adverse density profile of heavy material over
light, the driving force for instability, as seen in Figure 3-2. Indeed, if particles and
fluid are not of the same density, settling occurs simultaneously with shear-induced
migration, and the bulk flow profile depends upon the relative strength of buoyancy
and shearing forces.
Carpen & Brady found that a linear stability analysis to perturbations in the
spanwise direction leads to the following result: the flow is unstable to spanwise per-
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Figure 3-1: Gravity-driven
flow of suspension as de-
scribed in [8].
turbations, and the wavelength of the fastest growing disturbances is on the order of
the thickness of the suspension layer; this instability is shown to be most pronounced
at intermediate vales of the range of parameters (angle of inclination, relative density
difference between the particles and the fluid, ratio of the particle size to the thickness
of the layer and bulk volume fraction of particles). The authors suggest also that this
instability mechanism may play an important role in pattern formation in multiphase
flows.
The gravity-driven flows previously investigated may also be unstable to longitu-
dinal perturbations, i.e. in the flow direction, as seen in the case of stratified flow
with a free surface, as presented by Plaschko and Schaflinger [41]. The authors in-
vestigated the linear stability of a gravity driven laminar, stratified film flow of two
superposed fluids which are a clear liquid and a suspension of solid particles below.
The numerical solutions displayed the existence of two different instabilities: waves
at the free surface and interfacial waves at the interface between the clear fluid and
the suspension.
The instability theoretically predicted by Brady relies on viscous resuspension.
However, our attempts to experimentally confirm theory of a shear-induced migration
instability have been unsuccessful so far.
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Figure 3-2: Figure extracted from Carpen & Brady [8]. top: Base-state volume frac-
tion profiles for B=1, 0=45' and 1. H/a =18.32 and $= { 0.15(-), 0.25(...), 0.35(-.-
.-), 0.45(- - -), 0.55(-)}. 2.$=0.27 and H/a={ 10(...), 20(-.-.-), 25(- - -), 50(-)}.
The density profile decreases with decreasing # and its maximum at the center becomes
more pronounced with increasing H/a. bottom: Dimensional temporal growth rate
of the instability as a function of dimensionless wavenumber corresponding to 1. &
2.
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3.1.2 Scaling Analysis
From the numerical results of [8] one can extract time and length scales required for
the instability to develop. From Figure 3-2, we see that the maximum growth rate
for the instability is given by
s/(pfg sin aH/p) ~0.- (3.1)
where the dimensionless wavenumber kH is equal to 5, H being the height of the
channel. Therefore the growth rate is small and one would need a very long channel
in order to see the instability. Indeed, starting from Equation 3.1
1
= 10- -3 (3.2)Tpf g sin aH/ p3
Introducing U = L/T = pfgH 2 the equation can be rewritten as
U
Lpfg sin aH/p
pfgH2 /pI = 10-3 (3.4)
Lpfg sin aH/t
(3.5)
which can be simplified as
L/H ~ 1/(10-3 sin) (3.6)
Taking a = 450, the aspect ratio would be 1400, about 30 m for a channel with a 2
cm height. The authors suggest that a rotating experiment could solve this problem,
although in that geometry gravity never points in the same direction. As we shall see
in the next section, this is a gross overestimate of the required length since we ob-
served the onset of the instability within approximately 20 cm of the channel entrance.
Another time scale that plays a significant role in this phenomenon is the time
to set up the base state. Because the theoretical channel is infinite the flow is fully
developed in [8]. On the other hand in experiments one must take account of this
time: if it is too long, the flow will not exhibit the predicted inversion of density
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that is the driving force of the instability. For neutrally buoyant noncolloidal sus-
pension, the fully-developed pressure-driven channel flow should be expected after a
distance of O[(H/a)2 H]. The argument is that particles migrate a distance of O(H)
by a random-walk characterized by the shear-induced self-diffusivity. This diffusiv-
ity scales, on dimensional grounds, as a2d(#) where d is a dimensionless function
of particle concentration. Diffusive motion of length scale H occurs in a time 2
while iH is a representative velocity scale, and the product of these time and velocity
scales yields the flow-rate independent (H/a)2 H/d as an estimate of the development
length. For 4 > 0.3, d ~ 0.1 from the experiments of [35]. When particle buoyancy is
relevant, this estimate serves as an upper limit; development is understandably more
rapid for very dense particles as settling dominates migration. The time to convect
the particles to the end of the experimental cell L is L/ < u >. Therefore to reach a
fully-developed flow the condition is simply
Tcav > Tshear (3.7)
which can also be written as:
L > H( d)2- (3.8)
a d
If H = 2mm and a = 350pm then the minimum length to obtain a fully developed
flow is Lmin ~ 65 cm.
3.2 Experiments
3.2.1 Free-surface flow
In theory the instability would appear in a gravity-driven flow of a suspension through
an inclined channel. Again, the driving force behind the phenomenon is shear-induced
migration that results from a gradient in shear. Because a channel geometry is some-
how complicated to use (due to issues related to adjustment of the gap, cleaning of
the inside of the cell), another possibility is to use a single inclined plate geometry
and, instead of a flow confined between two planes, obtain a free-surface flow. For this
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kind of flow, the velocity profile is simply half of the previous. In this configuration
we still obtain a gradient in shear, and we would expect a migration of the beads from
the region of high shear, i.e. the bottom of the flow, to the region of low shear located
near the free-surface, as sketched in Figure 3-3. Because of this predicted migration
the flow could exhibit an inversion of density which would drive a Rayleigh-Taylor
instability. Therefore the same apparatus as in Chapter 2 is used: an 120 cm long
inclined plate of acrylic held by two horizontal aluminium rods.
H H
(a) (b)
Figure 3-3: Sketches of the flow for (a) inclined channel and (b) a single plate geom-
etry.
Several experiments have been performed in this configuration, with various an-
gles, thicknesses of film, concentration and particle size, and in each case no instability
has been observed. Furthermore we are unable to measure to the density profile within
the flow without perturbing it. If we take the mechanism for granted two possibilities
can explain the absence of physical manifestation:
1. the base state is never reached, even at the end of the plate, or the inversion of
density is not substantial.
2. the base state is reached, but the growth rate is too small. The instability does
not grow rapidly enough within our inclined geometry.
To distinguish between these two options, we perform the following experiment:
instead of waiting for the profile to set up we can artificially create it to test whether
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the absence of instabilities in the early experiments is a consequence of a too small
growth rate or not. After coating the surface of a plate with silicone oil, the sus-
pension is poured on top of this thin clear layer of thickness from 1 to 2 mm. As
seen in Section 2.2 the suspensions are made of glass beads of various diameters in
silicone oil or glycerin. The density profile is artificially set up, as shown in the sketch
in Figure 3-4. Because of the presence of a dense suspension upon a light fluid, we
expect to obtain the typical Rayleigh-Taylor instability, i.e. a new stripe instability.
Because of the geometry of our system the instability should practically be translated
into stripes aligned with the direction of the flow. The combination of fluid and par-
ticles is crucial. For a very viscous fluid, the sedimentation effects will be too slow
and nothing will be observed within the finite length of the plate. For very small
particles, the sedimentation velocity will not be sufficient. Therefore the beads will
remain suspended in the upper portion of the flow. Moreover as seen in Section 2.1
the sedimentation rate is also affected by the volume fraction of particles.
g free-surface
pIeglass sheet
Figure 3-4: Sketch of the 2-layer experiment: a clear fluid layer sits on a plane inclined
by an angle a, and is covered by a flow of suspension containing heavy material. The
density profile is inverted.
3.2.2 Results
Because previous experiments on the fingering instability shown that sedimentation
times associated with 250-425 pm beads and silicone oil were comparable to the time
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it takes for the flow to reach the end of the plate, first experiments are run using this
combination at various concentrations and different angles. Once the suspension is
poured we observe the formation of stripes parallel to the flow direction. The stripes
do not appear on top of the plate but rather 20 cm away, as seen in Figure 3-5. Thus,
the growth rate for the instability seems to be relatively large in this case, although it
was predicted by the theory to be small. The disparity may lie in the difference of the
base state: the gradient in concentration and density is enormous in the experiment
because of the artificial profile and much smoother in the theory. This indicates that
the absence of the instability when the suspension is simply poured on top of a dry
inclined plate is not a consequence of a too small growth rate, but rather a too long
time to set up the inverse profile. Once the tank runs out of fluid the stripes becomes
less pronounced and eventually vanish.
Figure 3-5: Flow of a mixture silicone oil 1000 cSt and 250-425 pm beads over a clear
film. The picture is taken from below to enhance contrast. Parallel stripes rapidly
appear and eventually vanish when the flow slows down.
Stripes have been observed for different combinations of fluid and particles size.
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In any case a steep slope on the order of 450 is required. In terms of particle sizes the
stripes do not appear for the smallest diameters, i.e. from 60 pm to 90 pm. Indeed
for this range of size the beads are just convected from the top to the bottom of the
plate, and do not sediment fast enough to form the typical stripes.
If we retain the same combination of experimental parameters (i.e. diameters of
the beads, concentration, type of fluid, angle,etc.), but do not use an artificial method
to get an inversion of the density profile, the suspension just flows down the plane
and stripes do not appear. Because in the previous experiments the growth rate of
the instability was found to be large enough to observe it, one can assume that the
reason of this absence of physical manifestation of the instability is because the base
state is not set up as fast as was predicted. Moreover the system is very sensitive
to initial conditions, such as the roughness of the plate and the mixing techniques:
if instead of the roller mixer we use a blender stripes appear instantaneously when
we pour the suspension on a dry plane. This is due to an heterogeneity inside the
suspension introduced by the mixing technique.
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Chapter 4
Conclusions and future work
4.1 Conclusions
Suspensions made of combination of glycerin or silicone oil and glass beads were stud-
ied primarily focusing on flows down an inclined plane. For small particle diameters
results similar to those of a clear fluid were obtained. Indeed below a given size
particles acted as passive tracers and were just convected by the flow. The resulting
wavelength of the fingering instability follow a 1/3 scaling law developed earlier for
clear fluids; gravitational instability was not observable for this type of particles as
sedimentation effects were small.
For large particle sizes, sedimentation time was on the same order as the time-
scale of the fingering instability itself. Depending on the concentration and of the
angle of inclination the flow can exhibit three different regimes, based on the ratio
of these two time-scales. When sedimentation happens faster, clear fingers appear
downstream from a front of sedimented particles. For comparable timescales a new
scaling was derived and good correlation was found between experimental data and
theoretical predictions on the wavelength of fingers made of suspension. The scaling
took account of the local thickness of the film that was directly measured via a laser
sheet that was illuminated above the plate. For large concentrations and large angles
the front exhibited a large nose that was experimentally observed here for the first
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time. The driving force of the flow, gravitation, pushed the particles forward with
higher speed than the propagating front. A large vortex exists inside the nose, the
flow slows down and sedimentation occurs in this region. Recent numerical results
developed within Prof. Hosoi's group confirm this hypothesis. Suspensions contain-
ing bigger particles also exhibited a new behavior when they flowed upon a layer of
clear fluid. Because of an inverted density profile, a typical Rayleigh-Taylor insta-
bility emerged. The physical manifestation of this instability was the formation of
regular longitudinal stripes that are comparable to the longitudinal vortices in gran-
ular flows. Although theories predicted such results without such an artificial set-up,
it was found that the growth rate in our configuration was larger than the predicted
rate and that the limiting factor was the time to set the base state profile.
4.2 Future work
Further research on the fingering instability in suspensions should focus on the region
where instead of regular fingers, a large nose is formed that eventually breaks into an
irregular pattern. Instead of working with a digital camera that takes pictures from
the side one could use the laser at low angle and register data above the plate. This
would allow quantitative measurements over a larger lengthscale, and results could
be more easily compared to numerical predictions. Although we tried this configu-
ration and found that the contrast was not good enough, a brighter laser combined
with an insulation of the set-up from any outside light would give better results. A
further step would be to use a CCD camera controlled by a computer via ImageJ
and instantaneously track film thickness. The laser and the CCD camera should be
attached to the plate to ensure constant angles between the laser sheet and the plate,
and the plate and the camera. Therefore calibration, which is currently a very nasty
task, could be done once for all.
Regarding the gravitational instability, a new apparatus has been recently built
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that consists in a longer plate of 2.4m. Similar inclination angles can be achieved
and we expect obtain further information from this set-up. The wavelength of the
longitudinal stripes should also be studied and compared to the most unstable wave-
length described by theories. Among the large choice of parameters the thickness of
the films, the velocity of the flow, particle diameter and density, fluid viscosity and
density would all play an important role. From the scaling developed in Chapter 3
we expect to see the instability for large particles, small thickness and high volume
fraction.
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Appendix A
Matlab routines
This Matlab program extracts the free-surface profile from a digital picture taken
from the side of the experiment.
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XX Extraction of the green profile from a JPEG pictureXX
XX Beta version XX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
total=input('total of images to analyze? ')
for i-1:total
XXXXXXX Loading of the image.
prime=input('name of the image? ') Xtype the name of the file without its extension
name-[prime '.jpg'] %extension of the file
I-imread(name);
s=size (I);
w-s(1) ;l=s(2);
%XXXXX End of loading
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXX Here begins the extraction of the free surface: for every column of
%XXXXXX pixels we track the greenest pixel, average the position
XXXXXXXX over a few pixels and cut peaks.
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
x-[0,0];
for i-1:1
% 1. Find every maximum and store them
xl=[i,i]; y1-[l,w]; XX set the positions of the extremes
v=improfile(I,x1,yl); % store the profile RGB along a column in v
green=v(:,1,2); XX keep the green information
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[xt,yt]=max(green); XX yt is the position of the max, xt is the value
green2=[1:length(green)]; green3=green2';
greenf-[green3,green]; %greenf stores positions and values of each maximum
xt2-0; yt2-0;
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
% 2. Average the position and value and Final-position
for j=-3 :3
yt2=yt2+greenf (yt+j,2)*greenf (yt+j, 1); Xxt2=sum of coordinates*values
xt2=xt2+greenf(yt+j,2); %yt2-sum of values
end
x3=(yt2/xt2); %position of the average point
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
X 3. smooth the profile in case of a bad quality picture
if i>5&&abs(x3-zt(1))>20 X20 is an arbitratory value
x3=zt(1);
y3=greenf(floor(x3),2);
zt=[zt(1) ,y 3 ];
x=[x;zt];
xf=x(2:length(x),:);
else
x3=(yt2/xt2); %position of the average point
y3=greenf(floor(x3),2);
zt=[x3,y3];
x=[x;zt];
xf=x(2:length(x),:);
end
end
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXX Here we store the flow in the "right" direction from left to right
X%% and gravity pointing towards the bottom
for i-1:length(xf)
xf2(i)=xf(length(xf)+1-i);
end
for i-l:length(xf)
xf2(i)=w-xf2(i); XX"w" the width of the picture
end
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
XXXX Here we just plot the profiles on top of each other
hold on;
plot(xf2,'r'); Xxf2 is the position of the interface in pixels
end
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The following Matlab function smoothes the profile. Each column of the matrix
data represents the free-surface profile of a single picture whereas each line corre-
sponds to the actual position of the interface along the x-axis.
X-smooth(data(:,1),6);
for i-2:min(size(data))
X-[X,smooth(data(:,i),6)];
end
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